ABSTRACT. We prove that the commutator is stable in permutations endowed with the Hamming distance, that is, two permutations that almost commute are near two commuting permutations. Our result extends to k-tuples of almost commuting permutations, for any given k, and allows restrictions, for instance, to even permutations.
INTRODUCTION
A famous open problem asks whether or not two almost commuting matrices are necessarily close to two exactly commuting matrices. This is considered independently of the matrix sizes and the terms "almost" and "close" are specified with respect to a given norm. The problem naturally generalizes to k-tuples of almost commuting matrices. It has also a quantifying aspect in estimating the required perturbation and an algorithmic issue in searching for the commuting matrices whenever they do exist.
The current literature on this problem, and its operator and C * -algebras variants, is immense.
The positive answers and counterexamples vary with matrices, matrix norms, and the underlying field, we are interested in. For instance, for self-adjoint complex matrices and the operator norm the problem is due to Halmos [Hal76] . Its affirmative solution for pairs of matrices is a major result of Lin [Lin97] , see also [FR96] . A counterexample for triples of self-adjoint matrices was constructed by Davidson [Dav85] and for pairs of unitary matrices, again with respect to the operator norm, by Voiculescu [Voi83] , see also [EL89] . For the normalized Hilbert-Schmidt norm on complex matrices, the question was explicitly formulated by Rosenthal [Ros69] . Several affirmative and quantitative results for k-tuples of self-adjoint, unitary, and normal matrices with respect to this norm have been obtained recently [Had98, HL09, Gle, FK, FS11] .
The problem is also renowned thanks to its connection to physics, originally noticed by von Neumann in his approach to quantum mechanics [vN29] . The commutator equation being an example, the existence of exactly commuting matrices near almost commuting matrices can be Our main result is the stability of the commutator in permutations endowed with the normalized Hamming distance, see Definition 2.1 for details on that distance and Definition 3.2 for a precise formulation of the notion of stability.
Main Theorem. For any given k 2 and with respect to the normalized Hamming distance, every k (even) permutations that almost commute are near k commuting (respectively, even) permutations.
The interest to the problem on the stability of the commutator in permutations has appeared very recently in the context of sofic groups [GR09] . Although, permutation matrices are unitary and the Hamming distance can be expressed using the Hilbert-Schmidt distance 1 , the above mentioned techniques available for unitary matrices, equipped with the Hilbert-Schmidt norm, do not provide successful tools towards the stability of commutator in permutations.
Our main theorem is the first stability result for the commutator in permutation matrices.
A few related questions in permutations have been discussed in [GSM62, Mil63] . However, this prior work takes a different viewpoint on commuting permutations and does not yield any approach to the stability of the commutator.
Our proof of the main theorem relies on the ultraproduct technique, in particular, on the Loeb measure space construction introduced in [Loe75] . The arguments are valid for k-tuples of almost commuting permutations, for any given k 2, and, under a slight adaptation, for k-tuples of almost commuting even permutations.
Stability results are useful to detect a certain rigidity of the corresponding classes of groups.
For instance, in [GR09] it was shown that a sofic stable (i.e. with a stable system of relator words) group is residually finite. We give our proof of this result using the ultraproduct language, see Theorem 4.3. We then introduce the concept of weak stability, see Definition 7.1.
This notion suits better with the study of metric approximations of groups (hence, in particular, that of sofic groups). It encompasses stability and allows us to characterize weakly stable groups among amenable groups. This yields a new rigidity result. This result allows to provide many explicit examples of finite and infinite systems of relator words which are (not) weakly stable. We collect some of these new examples in Section 8.
The relationship between stability and weak stability in permutations is intriguing. We believe that a sound knowledge of all of the group quotients might be useful. respectively, will imply that F is not amenable and even not sofic. Whether or not a non sofic group does exist is a major open problem in the area of metric approximations of infinite groups.
SOFIC GROUPS AND ULTRAPRODUCTS
We begin with definitions from the theory of sofic groups and necessary reminders on the ultraproduct tools.
We denote by Sym(n) the symmetric group on a set with n elements and by Alt(n) its subgroup of even permutations.
Definition 2.1. For p, q ∈ Sym(n) the normalized Hamming distance is defined by:
Definition 2.2. A group G is sofic if ∀ finite subset E ⊆ G, ∀ε > 0, there exists n ∈ N * and a map φ : E → Sym(n) such that:
Let M n = M n (C) be the algebra of complex matrices in dimension n. For a ∈ M n define T r(a) = 1 n i a(i, i). We identify the group Sym(n) with P n ⊆ M n , the subgroup of permutation matrices. Observe that d H (p, id) = 1 − T r(p).
For a ∈ M n the trace norm, aka the Frobenius norm, is a 2 = T r(a * a) = i,j |a(i, j)| 2 . We now construct the tracial ultraproduct of matrix algebras. Let {n k } k ⊆ N * be a sequence of natural numbers such that n k → ∞ as k → ∞, and Π k M n k be the Cartesian product. Let us consider the subset of bounded, in the operator norm · , sequences of
The tracial ultraproduct of matrix algebras with respect to ω is
The trace is then defined on this ultraproduct by
2.1. The universal sofic group. Various subsets of the tracial ultraproduct of matrix algebras will appear in this paper, first of which being the universal sofic group,
introduced by Elek and Szabó.
Theorem 2.3 (Theorem 1, [ES05]). A group G is sofic if and only if there exists an injective
We call a group homomorphism Θ : G → Π k→ω P n k a sofic morphism of G and a group homo-
Observe that a sofic representation is always injective.
Definition 2.4. Two sofic representations Θ : G ֒→ Π k→ω P n k and Ψ : G ֒→ Π k→ω P n k are said
We shall use the following result of Elek and Szabó.
Theorem 2.5 (Theorem 2, [ES11]). A finitely generated group G is amenable if and only if any
two sofic representations of G are conjugate.
The Loeb measure space.
We explain now the construction of the Loeb measure space.
This space, introduced in [Loe75] , plays a crucial role in our approach to the stability phenomenon.
Let X n k be a set with n k elements, and µ n k be the normalized cardinal measure such that
, where D n ⊆ M n denotes the subalgebra of diagonal matrices. We want to define an ultraproduct measure on the Cartesian product Π k X n k . For A k ⊆ X n k and k ∈ N, let Π k A k be the Cartesian product, and let C be the collection of these cylinder sets.
Now C is closed under countable intersections, but it is not closed under set complement, so it is not a σ-algebra. However,
. Now consider C 2 to be C 1 together with countable intersections in C 1 . Extend µ ω to C 2 using the fact that any element of C 1 is essentially a cylinder set.
By transfinite induction, alternating complements and countable intersections, we will reach B 0 , the σ-algebra generated by C. It comes with a measure µ ω having the property that for each set A ∈ B 0 there exists a cylinder C ∈ C such that µ ω (A∆C) = 0.
As a final step we can consider B, the completion of B 0 with respect to µ ω . For our purpose (Π k X n k , B 0 , µ ω ) is enough. As a side remark note that B 0 is the Borel structure generated on
gebras. This observation provides an alternative construction of the Loeb space, starting from (Π k→ω D n k , T r) and using the fact that any abelian von Neumann algebra is isomorphic to L ∞ (X, µ) for some space with measure (X, µ).
We denote the so-obtained, in either of these two ways, Loeb space by
2.3. The universal sofic action. The group P n k is acting on X n k by the definition of the symmetric group. We can construct the Cartesian product action
where identity on Π k X n k . It follows that α 0 can be factored to an action α of the universal sofic
while a sofic representation induces a free action of G on the same space. These actions are a crucial tool in our proof of the Main Theorem.
STABILITY
We denote by F m the free group of rank m and by {x 1 , . . . , x m } its free generators. Elements in F m are denoted by ξ and let R = {ξ 1 , . . . , ξ k } be a finite subset of F m . Let R be the normal
Notation 3.1. If H is a group and p 1 , . . . , p m ∈ H, we denote by ξ(p 1 , . . . , p m ) ∈ H the image of ξ under the unique group homomorphism F m → H such that x i → p i .
We now define the notion of stability.
Definition 3.2. Permutations p 1 , p 2 , . . . , p m ∈ Sym(n) are a solution of R if:
where id n denotes the identity element of Sym(n).
Permutations p 1 , p 2 , . . . , p m ∈ Sym(n) are a δ-solution of R, for some δ > 0, if:
The system R is called stable (or stable in permutations
The group G = F m / R is called stable if its set of relator words R is stable.
Observe that the definition of stability does not depend on the particular choice of finite presentation of the group: Tietze transformations preserve stability as the Hamming metric is bi-invariant. 
By choosing a sequence δ k → 0, we can construct a group homomorphism Θ : G → Π k→ω P n k that does not satisfy the requirement of being perfect.
Observe that this theorem remains valid, up to a clear reformulation of the concepts involved,
for any metric approximation of G.
The following result was proved in [GR09, Proposition 3] using a different terminology. Our definition of stability is equivalent to the one used in that paper (although, constants ε and δ play reverse roles in these two definitions).
Theorem 4.3. Let Θ : G → Π k→ω P n k be a perfect injective homomorphism. Then G is residually finite.
If θ k (g) = id for all k it follows that Θ(g) = id. This contradicts the injectivity of Θ whenever g = e.
PARTIAL SOFIC REPRESENTATIONS
For the proof of our main result we cut a sofic representation Θ : G → Π k→ω P n k by a commuting projectionã ∈ Π k→ω D n k , where D n ⊆ M n is the subalgebra of diagonal matrices. This construction was used in [Pȃu14] , but we formalise these objects a little differently here.
For a * -algebra A, we denote by P(A) the set of projections in A,
For instance, P(D n ) is the set of diagonal matrices with only 0 and 1 entries. The Cartesian product Π k M n k is an algebra with pointwise addition and multiplication. For an element a ∈ Π k M n k , we denote byã its image under the canonical projection onto Π k→ω M n k .
Definition 5.1. A partial permutation matrix p ∈ M n is a matrix with 0 and 1 entries for which there exists S ⊆ {1, . . . , n} such that p has exactly one non-zero entry (which is equal to 1)
on each row and column in S and it is 0 elsewhere. Alternatively, p = qa, where q ∈ P n , a ∈ P(D n ), and qa = aq.
We denote by P P a n ⊆ M n the set of all partial permutation matrices associated to a ∈ P(D n ).
Observation 5.2. The set P P a n is a subgroup of M n isomorphic to P nT r(a) .
We construct the group Π k→ω P P
is called a partial sofic morphism.
Definition 5.4.
A partial sofic representation is a partial sofic morphism Θ :
Definition 5.5. Let Ψ :
be such thatã commutes with Ψ. Define a partial sofic morphism a · Ψ as
It can be easily checked that any partial sofic morphism Θ :
is obtained in this way: Θ = a · Ψ, where Ψ : G → Π k→ω P n k is a group homomorphism andã commutes with Ψ. Also,ã = Θ(e). Any partial sofic representation Θ is a product a · Ψ, where Ψ : G → Π k→ω P n k is a sofic representation.
A partial sofic morphism/representation can be viewed as a usual sofic morphism/representation with some extra unused space, filled with 0 entries. Thus, it makes sense to speak about a perfect partial sofic morphism. We cut partial sofic morphisms/representations by elements in Π k D n k , instead of Π k→ω D n k , as the property of being perfect may depend on the actual choice
, not only on its classã.
Definition 5.6. A partial sofic morphism a · Θ :
perfect partial sofic morphism for every j, then Θ is a perfect sofic morphism.
Proof. Let a j = Π k a j k . Then j a j = id is equivalent to j a j k = id n k for each k ∈ N. Since a j · Θ is a perfect partial sofic morphism, there exist p
6. THE COMMUTATOR Proposition 6.1. Let G = F m / R be a residually finite group. Then there exists Θ : G → Π k→ω P n k a perfect sofic representation for any given sequence
Proof. Choose a decreasing sequence of finite index subgroups of G with trivial intersection.
Denote by {m j } j the sequence of finite indexes. Let Ψ : G ֒→ Π j→ω P m j be the associated sofic representation. It is clearly perfect. So, Ψ(g) = Π j→ω p g j , with {px 1 j , . . . , px m j } a solution of R for every j.
We construct a carefully chosen amplification of Ψ that fits our sequence of dimensions.
Using n k → ∞ as k → ∞, we construct an increasing sequence {i j } j such that n k > j · m j for any k > i j . Next, for each k, i j < k i j+1 , let n k = c k m j + r k , with r k < m j and c k j. For each g ∈ G and such k, construct q
is not the identity (and, hence, with no fixed points as it corresponds to the non-trivial left translation action on the finite quotient of G of index m j ):
It follows that T r(q Proof. We proceed as above with a slight adaptation of details in the arguments. In the proof of Proposition 6.1, we choose even numbers c k . This ensures that the constructed permutations q k g are even. Now Theorem 6.3 can be stated for even permutations. This corollary then follows from this variant of Theorem 6.3 together with Theorem 4.2 restricted to even permutations.
We observe that having even permutations instead of arbitrary permutations as a δ-solution
is not an extra hypothesis. Indeed, our proof above actually shows that every k commuting permutations are near k commuting even permutations.
A careful analysis of the proof of Theorem 6.3 shows that we have used the following (strong)
properties of Z n : (i) every subgroup is normal, (ii) every quotient is amenable and residually finite. These properties are clearly satisfied by every quotient of Z n .
Corollary 6.6. Every finitely generated abelian group is stable.
WEAK STABILITY
We closer examine Theorems 4.2 and 4.3. The first one is a characterisation theorem and the second one provides the motivation for studying stability in permutations. We notice that in Theorem 4.3, the existence of a perfect sofic representation is enough to deduce that the group is residually finite. Our proof of Theorem 4.2 suggest the following weaker version of stability.
Recall that R denotes the normal subgroup generated by R inside F m . Let l : F m → N be the word length function.
Definition 7.1. Permutations p 1 , p 2 , . . . , p m ∈ Sym(n) are a δ-strong solution of R, for some δ > 0, if for every ξ ∈ F m such that l(ξ) < 1/δ we have:
The system R is called weakly stable (or weakly stable in permutations
The group G = F m / R is called weakly stable if its set of relator words R is stable.
Similarly to stability, the definition of weak stability does not depend on the particular choice of finite presentation of the group as Tietze transformations preserve weak stability. Indeed, observe that a δ-strong solution of a system R is also a δ ′ -strong solution for any other given finite set R ′ of relator words defining the same group. The value of δ ′ depends linearly on δ. The coefficient of this dependence is determined by the length of relator words from R ′ with respect to the initial group presentation given by R. We use the assumption on the finite presentability in this last point.
Comparing the definitions, it is clear that "R is stable" implies "R is weakly stable". It is hard, at this point, to say whether or not the converse is true, see also Conjecture 1.2. Proof. By residually finiteness of G (as in the proof of Proposition 6.1), we can construct per-
k is a sofic representation of G which is perfect. Let Θ : G ֒→ Π k→ω P n k be a sofic representation of G. By the Elek-Szabó theorem [ES11,  Theorem 2], the amenability of G implies that Θ and Ψ are conjugate. Hence, Θ is perfect as well. Using Theorem 7.2, we get that R is weakly stable. The other implication is immediate from Theorem 7.3 as all amenable groups are sofic.
EXAMPLES OF NON (WEAKLY) STABLE SYSTEMS
Our main theorem establishes the stability, and, hence, the weak stability in permutations of the commutator word. This is the first stability result in permutation matrices. We give now other new examples of systems of relator words which are (not) (weakly) stable in permutation matrices as follows from our rigidity results, Theorem 1.1 and Theorem 4.3. ] ⋊ n Z whenever |m| = 1. That is, the group is amenable in these cases. In the remaining case, |n|, |m| 2, there is a natural epimorphism
onto the amenable group. The kernel of this epimorphism is a free group of countable rank.
Hence, BS(m, n) is residually amenable (but not amenable) whenever |n|, |m| 2.
It is well-known that BS(m, n) is residually finite if and only if |m| = |n| or |m| = 1 or |n| = 1.
Let r(m, n) = t −1 a m ta −n denotes the relator word. Using our results, we conclude that
• r(m, n) is weakly stable in permutations whenever |m| = 1 or |n| = 1.
• r(m, n) is stable in permutations whenever m = n = ±1.
• r(m, n) is not stable in permutations whenever |n|, |m| 2 and |m| = |n|.
It is not yet known whether the fundamental group of the Klein bottle given by the presentation a, t | t −1 ata = 1 ≃ BS(1, −1) ≃ BS(−1, 1) is stable. For |n|, |m| 2 and |m| = |n|, it is known that BS(m, n) contains a finite index subgroup isomorphic to F |n| × Z, the direct product of the free group of rank |n| and the group of integers. The (weak) stability of the corresponding system of relator words is an open question.
Example 8.2 (Nilpotent, supersolvable, and metabelian groups). Finitely generated supersolvable and hence finitely generated nilpotent groups are finitely presented and residually finite by a result of Hirsch [Hir46] . Finitely generated metabelian groups are residually finite by a result of Hall [Hal59] . All such groups are amenable. Therefore, by Theorem 1.1, their systems of relator words are weakly stable in permutations.
Example 8.3 (Sofic amalgamated products). For n 3 and p prime, the amalgamated product
is finitely presented, sofic, and not residually amenable [KN] . By Theorem 4.3, the finite system of relator words of this group is not stable in permutations.
Example 8.4 (Wreath products). A restricted wreath product G ≀ H is residually finite if and only if both groups are residually finite and G is abelian or H is finite [Gru57] . Such a group is amenable if and only if both groups are amenable. These provides numerous examples of systems of relator words which are, by Theorem 1.1, (non) weakly stable in permutations. For instance, the system of relator words of Alt(5) ≀ Z is not weakly stable in permutations. In general, we get infinite systems in such a way, as the restricted wreath product of two finitely presented groups G and H is finitely presented if and only if either G is trivial or H is finite [Bau60] .
